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Dividend Variability and Variance Bounds Tests
for the Rationality of Stock Market Prices

By TERRY A. MARSH AND ROBERT C. MERTON*

Perhaps for as long as there has been
a stock market, economists have debated
whether or not stock prices rationally reflect
the ““intrinsic” or fundamental values of the
underlying companies. At one extreme on
this issue is the view expressed in well-known
and colorful passages by Keynes that specu-
lative markets are no more than casinos for
transferring wealth between the lucky and
unlucky. At the other is the Samuelson-Fama
Efficient Market Hypothesis that stock prices
fully reflect available information and are,
therefore, the best estimates of intrinsic val-
ues. Robert Shiller has recently entered the
debate with a series of empirical studies
which claim to show that the volatility of the
stock market is too large to be consistent
with rationally determined stock prices. In
this paper, we analyze the variance-bound
methodology used by Shiller and conclude
that this approach cannot be used to test the
hypothesis of stock market rationality.

Resolution of the debate over stock market
rationality is essentially an empirical matter.
Theory may suggest the correct null hy-
pothesis—in this case, that stock market
prices are rational—but it cannot tell us
whether or not real-world speculative prices
as seen on Wall Street or LaSalle Street are
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indeed rational. As Paul Samuelson wrote in
his seminal paper on efficient markets: “You
never get something for nothing. From a
nonempirical base of axioms, you never get
empirical results. Deductive analysis cannot
determine whether the empirical properties
of the stochastic model I posit come close to
resembling the empirical determinants of to-
day’s real-world markets” (1965, p. 42).

On this count, the majority of empirical
studies report results that are consistent with
stock market rationality.! There is, for exam-
ple, considerable evidence that, on average,
individual stock prices respond rationally
to surprise announcements concerning firm
fundamentals, such as dividend and earnings
changes, and that prices do not respond to
“noneconomic” events such as cosmetic
changes in accounting techniques. Stock
prices are, however, also known to be consid-
erably more volatile than either dividends or
accounting earnings. This fact, perhaps more
than any other, has led many, both academic
economists and practitioners, to the belief
that prices must be moved by waves of
“speculative” optimism and pessimism be-
yond what is reasonably justified by the
fundamentals.?

'To be sure, of the hundreds of tests of efficient
markets, there have been a few which appear to reject
market efliciency (see **Symposium on Some Anomalous
Evidence on Capital Market Efficiency,” Journal of
Financial Economics, June-September 1978). For the
most part, however, these studies are joint tests of both
market cfficiency and a particular equilibrium model of
differential expected returns across stocks such as the
Capital Asset Pricing Model and. therefore, rejection of
the joint hypothesis may not imply a rejection of market
cfficiency. Even in their strongest interpretation, such
studies have at most rejected market efficiency for select
segments of the market. For further discussions, see
Merton (1986).

>For example. in discussing the problems of Tobin's
Q theory in explaining investment, Barry Bosworth
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Until recently, the belief that stock prices
exhibit irrationally high volatility had not
been formally tested. In a series of papers
(1981a, b, and 1982), Shiller uses seemingly
powerful variance bounds tests to show that
variations in aggregate stock market prices
are much too large to be justified by the
variation in subsequent dividend payments.}
Under the assumption that the expected real
return on the market remains essentially con-
stant over time, he concludes that the excess
variation in stock prices identified in his tests
provides strong evidence against the Efficient
Market Hypothesis. Even if the expected real
return on the market does change over time,
Shiller further concludes that the amount of
variation in that rate necessary to “save” the
Efficient Market Hypothesis is so large that
the measured excess variation in stock prices
cannot reasonably be attributed to this
source.

We need hardly mention the significance
of such a conclusion. If Shiller’s rejection of
market efficiency is sustained, then serious
doubt is cast on the validity of this corner-
stone of modern financial economic theory.
Although often discussed in the context of
profit opportunities for the agile and in-
formed investor, the issue of stock market
rationality has implications far beyond the
narrow one of whether or not some investors
can beat the market. As Keynes noted long
ago (1936, p. 151), and as is evident from the
modern Q theory of investment, changes in
stock prices—whether rationally determined
or not—can have a significant impact on real
investment by firms.* To reject the Efficient

writes: “*Nor does it seem reasonable to believe that the
present value of expected corporate income actually fell
in 1973-1974 by the magnitude implied by the stock-
market decline of that period, when ¢ declined by 50
percent. ... As long as management is concerned about
long-run market value and believes that this value re-
flects *fundamentals,” it would not scrap investment
plans in response to the highly volatile short-run changes
in stock prices” (1975, p. 286).

*Using the variance bound methodology. Stephen
LeRoy and Richard Porter (1981) claim to show that
stock prices are “too volatile” relative to accounting
carnings. For a similar discussion of their analysis, see
our 1984 paper.

“For a recent discussion of the “causal” effect of
stock price changes on investment, see Stanley Fischer
and Merton (1984).
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Market Hypothesis for the whole stock
market and at the level suggested by Shiller’s
analysis implies broadly that production de-
cisions based on stock prices will lead to
inefficient capital allocations. More gener-
ally, if the application of rational expec-
tations theory to the virtually “ideal” condi-
tions provided by the stock market fails, then
what confidence can economists have in its
application to other areas of economics where
there is not a large central market with con-
tinuously quoted prices, where entry to its
use i1s not free, and where shortsales are not
feasible transactions?

The strength of Shiller’s conclusions is de-
rived from three elements: (i) the apparent
robustness of the variance bound methodol-
ogy; (ii) the length of the data sets used in
the tests—one set has over 100 years of
dividend and stock price data; and (iii) the
large magnitude of the empirical violation of
his upper bound for the volatility of rational
stock prices. Shiller in essence relies upon
elements (ii) and (iii) to argue that his re-
Jjection of the efficient market model cannot
be explained away by “mere” sampling
error alone.” Nevertheless, Marjorie Flavin
(1983) and Allan Kleidon (1983a,b) have
shown that such sampling error can have a
nontrivial effect on the variance bound test
statistics.

In this paper, we focus exclusively on ele-
ment (i) and conclude that Shiller’s variance
bound methodology is wholly unreliable for
the purpose of testing stock market rational-
ity. Thus, even if his estimates contained no
sampling error at all, his findings do not
constitute a rejection of the efficient market
model. To support our claim, we present an
alternative variance bound test which has
the feature that observed prices will, of
necessity, be judged rational if they fail the

SShiller notes on this general point: “The lower
bound of a 95 percent one-sided x? confidence interval
for the standard deviation of annual changes in real
stock prices is over five times higher than the upper
bound allowed by our measure of the observed variabil-
ity of real dividends. The failure of the efficient markets
model is thus so dramatic that it would seem impossible
to attribute the failure to such things as data errors,
price index problems, or changes in tax laws” (1981a,
p. 434).
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Shiller test. That is, if observed stock prices
were to satisfy Shiller’s variance bound test,
then they would be deemed irrational by our
test. It would seem, therefore, that for any
set of stock market price data, the hypothe-
sis of market rationality can be rejected by
some variance bound test.

This seeming paradox arises from dif-
ferences in assumptions about the underly-
ing stochastic processes used to describe the
evolution of dividends and rational stock
prices. Affirmative empirical evidence in sup-
port of the class of aggregate dividend
processes postulated in our variance bound
test is presented in our forthcoming article.
The specific model derived and tested in that
paper significantly outperforms the univari-
ate autoregressive model associated with the
Shiller analysis.

The Shiller variance bound test and our
alternative test share in common the null
hypothesis that stock prices are rational,
but differ as to the assumed stochastic pro-
cess for dividends. Since Shiller’s data sets
strongly reject the joint hypothesis of his test
and sustain our’s, we conclude that his vari-
ance bound test results might better be inter-
preted as an impressive rejection of his model
of the dividend process than as a rejection of
stock market rationality.

I. On the Reliability of the Dividend Variance
Bound Test of Stock Market Rationality

In his 1981a article, Shiller concludes that:

measures of stock price volatility over
the past century appear to be far too
high—five to thirteen times too high
—to be attributed to new information
about future real dividends if un-
certainty about future dividends is
measured by the sample standard devi-
ation of real dividends around their
long-run exponential path. [p. 434]

In reaching this conclusion, he relies upon a
variance bound test—hereafter called the
“p* test” —which establishes an upper bound
on the variance of the level of detrended real
stock prices in terms of the variance of a
constructed “ex post rational” detrended and
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real price series.® In this section, we begin
with a brief review of the development of his
test and then present an alternative variance
bound test which actually reverses the direc-
tion of the inequality established in the p*
test. That is, the upper bound on the vari-
ance of rationally determined stock prices in
the Shiller test is shown to be the lower
bound on that same variance in the alterna-
tive test.

The key assumptions underlying the p*
test can be summarized as follows:

(S1) Stock prices reflect investor beliefs which
are rational expectations of future div-
idends.

(S2) The “real” (or inflation-adjusted) ex-
pected rate of return on the stock
market, r, is constant over time.

(S3) Aggregate real dividends on the stock
market, { D(¢)}, can be described by a
finite-variance stationary stochastic pro-
cess with a deterministic exponential
trend (or growth rate) which is denoted
by g.

To develop the p* test from these assump-
tions, Shiller defines an ex post rational de-
trended price per share in the market port-
folio at time ¢:

1) p*(0)= L at d(i+k),
k=0

where d(s)=D(s)/(1+g)**! is the de-
trended dividend per share paid at the end
of period s and n=(1+g)/(A1+r). p*(¢) is
called an ex post (detrended) rational price
because it is the present value of actual
subsequent (to time ) detrended dividends.
If as posited in (S1), actual stock prices,
( P(t)}, are ex ante rational prices, then it
follows from (1) that

(2) p(1) =e[p*(1)],

¢Shiller also develops a second variance bound test
that establishes an upper bound on the variance of
unanticipated changes in detrended real stock prices in
terms of the variance of detrended real dividends. An
analysis of this “innovations test” is presented later in
this section.
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for each ¢t where p(¢) = P(t)/(1+ g)' is the
detrended real stock price per share of the
market portfolio at the beginning of period ¢
and ¢, is the expectation operator condi-
tional on all information available to the
market as of time ¢.

If, as Shiller (1981a, p. 422) points out,
p(t) is an ex ante rational price, then it is
also an optimal forecast of p*(¢). If p(¢) is
such an optimal forecast, then the forecast
error, u(t)=p*(t)— p(t), should be un-
correlated with p(¢). It follows therefore
that under this hypothesis, Var| p*(¢)]=
Var[ p(¢)]+ Var[u(z)] > Var[ p(¢)]. That is, in
a set of repeated experiments where a fore-
cast p(t) and a sequence of subsequent div-
idends, d(t+ k), k=0,1,..., are “drawn,”
it should turn out that the sample variance
of p*(t) exceeds the sample variance of the
forecast p(t).

If (detrended) dividends follow a regular
stationary process, then rationally deter-
mined (detrended) stock prices must also.
Hence, from assumption (S3), it follows by
the Ergodic Theorem that time-series ensem-
bles of { p(¢)} and { p*(¢)} can be used to
test the “cross-sectional” proposition that
Var[ p*(1)] > Var[ p(1)].

To compute an estimate of p*(¢) with a
finite sample time period, it is, of course,
necessary to truncate the summation in (1).
If, as Shiller (1981a, p. 425) notes, the time-
series sample is “long enough,” then a rea-
sonable estimate of the variance of p*(¢) can
be obtained from that truncated summation.
At the point of truncation, Shiller assigns a
“terminal” value, p*(T), which is the aver-
age of the detrended stock prices over the
sample period. That is,

T-1
(3) p*(T) =[ ; p(r)}/T,

where T is the number of years in the sample
period.

"That is, the time-series estimator L}~ ![p(r)—
p1?/T can be used to estimate Var([ p(¢)] and similarly
for p*(t).
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Under the posited conditions (S1)-(S3),
the null hypothesis of the p* test for rational
stock prices can be written as

(4) Var[ p*] = Var[ p].

where from (1) and (3), the constructed p*(¢)
series used to test the hypothesis is given by

T—t1-1

Y k(e + k)

k=0

0" 'p*(T),

(5)  p*(1)=

t=0,...,T—-1.
As summarized by Shiller in the paragraph
cited at the outset of this section, the results
reported in his Table 2 (1981a, p. 431) show
that the variance bound in (4) is grossly
violated by both his Standard and Poor’s
1871-1979 data set and his modified Dow
Industrial 1928-79 data set.

Although widely interpreted as a rejection
of stock market rationality (S1),% these find-
ings are more precisely a rejection of the
joint hypothesis of (S1), (S2), and (S3). As
noted in our introduction, Shiller (1981, pp.
430-33) argues that a relaxation of (S2) to
permit a time-varying real discount rate
would not produce sufficient additional vari-
ation in prices to “explain” the large magni-
tude of the violation of the derived variance
bound. However, even if (S2) were known to
be true, this violation of the bound is not a
valid rejection of stock market rationality
unless (S3) is also known to be true. Never-
theless, to some, (S3) may appear to encom-
pass such a broad class of stochastic processes
that any plausible real-world time-series of
dividends can be well-approximated by some
process within its domain.® If this were so,
then, of course, the p* test, viewed as a test
of stock market rationality, would be robust.
In fact, however, this test is very sensitive to

®As a recent example, see James Tobin (1984).

“Perhaps this belief explains why Shiller devotes 20
percent of his paper (1981a) to justifying the robustness
of his findings with respect to assumption (S2) and
virtually no space to justifying (S3).
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the posited dividend process. We show this
by deriving a variance bound test of rational
stock prices that reverses the key inequality
(4). While maintaining assumptions (S1) and
(S2) of the p* test, this alternative test re-
places (S3) with the assumption of a differ-
ent, but equally broad, class of dividend
processes. As background for the selection of
this alternative class, we turn now to discuss
some of the issues surrounding dividend
policy and the sense in which rational stock
prices are a reflection of expected future
dividends, this to be followed by the deriva-
tion of our test.

If the required expected real rate of return
on the firm is constant, then its intrinsic
value per share at time ¢, V(t), is defined to
be the present value of the expected future
real cash flows of the firm that will be avail-
able for distribution to each of the shares
currently outstanding. From the well-known
accounting identity,!? it follows that the
firm’s dividend policy must satisfy the con-
straint:

(6) V(t)=r¢, f D(t+k)/(1+r) .

k=0

Although management can influence the
intrinsic value of its firm by its investment
decisions, management has little, if any, con-
trol over the stochastic or unanticipated
changes in V(¢). In sharp contrast, manage-
ment has sole responsibility for, and con-
trol over, the dividends paid by the firm.
There are, moreover, no important legal or
accounting constraints on dividend policy.
Hence, subject only to the constraint given
in (6), managers have almost complete dis-
cretion and control over the choice of div-
idend policy.

This constraint on dividend choice is very
much like the intertemporal budget con-

19The cash flow accounting identity applies only to
dividends paid ner of any issues or purchases of its
outstanding securities. “ Gross” dividends are, of course,
subject to no constraint. Hence, all references to “div-
idends” throughout the paper are to “net” dividends
paid.
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straint on rational consumption choice in the
basic lifetime consumption decision problem
for an individual. In this analogy, the intrin-
sic value of the firm, V(t), corresponds to the
capitalized permanent income or wealth of
the individual, and the dividend policy of the
firm corresponds to the consumption policy
of the individual. Just as there are an un-
countable number of rational consumption
plans which satisfy the consumer’s budget
constraint for a given amount of wealth, so
there are an uncountable number of distinct
dividend policies that satisfy (6) for a given
intrinsic value of the firm. Hence, like ra-
tional consumers in selecting their plans,
rational managers have a great deal of lati-
tude in their choice of dividend policy.!!

If stock prices are rationally determined,
then

(7) P(1)=V(1)

for all ¢.

Hence, the only reason for a change in ra-
tional stock price is a change in intrinsic
value. Since a manager can choose any num-
ber of different dividend policies that are
consistent with a particular intrinsic value of
the firm, the statement that “rational stock
prices reflect expected future dividends”
needs careful interpretation. It follows from
(6) and (7) that rational stock prices will
satisfy

(8) P(1)=¢, iOD(t+k)/(1+r)k+1.
k=

Thus, rational stock prices reflects expected
future dividends through (8) in the same
sense that an individual’s current wealth
reflects his expected future consumption
through the budget constraint. Pursuing the
analogy further: if because of an exogenous
event (for example, a change in preferences),
a consumer changes his planned pattern of

""The fact that individual firms pursue dividend
policies which are vastly different from one another is
empirical evidence consistent with this view.
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consumption, then it surely does not follow
from the budget constraint that this change
in the expected future time path of his con-
sumption will cause his current wealth to
change. Just so, it does not follow from (8)
that a change in dividend policy by managers
will cause a change in the current rationally
determined prices of their shares.!> For a
fixed discount rate, r, it does however follow
from (8) that an unanticipated change in a
rationally determined stock price must nec-
essarily cause a change in expected future
dividends, and this is so for the same feasi-
bility reason that with a constant discount
rate, an unanticipated change in a consumer’s
wealth must necessarily cause a change in his
planned future consumption. In short, (8) is
a constraint on future dividends and not on
current rational stock price.

Since management’s choice of dividend
policy clearly affects the time-series variation
in observed dividends, the development of
the relation between the volatility of div-
idends and rational stock prices requires
analysis of the linkage between the largely
controllable dividend process and the largely
uncontrollable process for intrinsic value.

Unlike the theory of consumer choice,
there is no generally accepted theory of opti-
mal dividend policy.!* Empirical researchers
have, therefore, relied on positive theories of

!2By the accounting identity, net dividend policy (as
described in fn. 10) cannot be changed without changing
the firm's investment policy. However, changes in in-
vestment policy need not change the current intrinsic
value of the firm. Managers can implement virtually any
change in net dividends per share (without affecting the
firm’s intrinsic value) by the purchase or sale of finan-
cial assets held by the firm or by marginal changes in
the amount of investment in any other “zero net pres-
ent value™ asset held by the firm (for example, invento-
ries). Such transactions will change the composition of
the firm’s assets and the time pattern of its future cash
flows. but not the present value of the future cash flows.
Since these “trivial” changes in investment policy will
not affect the intrinsic value of the firm, they will not
affect the current level of rationally determined stock
price. See our forthcoming article (Section 6.3) for fur-
ther discussion of the difficulties of measuring net div-
idends.

¥Indeed, the classic Miller-Modigliani (1961) theory
of dividends holds that dividend policy is irrelevant,
and hence, in this case, there is no optimal policy.
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dividend policy to specify their models. The
prototype for these models is John Lintner’s
model (1956) based on stylized facts first
established by him in a classic set of inter-
views of managers about their dividend
policies. Briefly, these facts are: (L1) Man-
agers believe that their firms should have
some long-term target payout ratio; (L2) In
setting dividends, they focus on the change
in existing payouts and not on the level;
(L3) A major unanticipated and nontransi-
tory change in earnings would be an impor-
tant reason to change dividends; (L4) Most
managers try to avoid making changes in
dividends which stand a good chance of
having to be reversed within the near future.
In summary, managers set the dividends that
their firms pay to have a target payout ratio
as a long-run objective, and they choose
policies which smooth the time path of the
changes in dividends required to meet that
objective.

As most textbook discussions seem to
agree, these target payout ratios are mea-
sured in terms of long-run sustainable (“ per-
manent”) earnings rather than current earn-
ings per share. In the special case where the
firm’s cost of capital r is constant in real
terms, real permanent earnings at time
t, E(t), are related to the firm’s intrinsic
value per share by E(¢) = rV(1).

With this as background, we now develop
a model of the dividend process as an al-
ternative to the p* test’s (S3) process. A
class of dividend policies which captures the
behavior described in the Lintner interviews
is given by the rule:

(9) AD(t)=gD(r)

+ Y v [AE(— k)= gE(r— k)],

k=0

where A is the forward difference operator,
AX(t)= X(t +1)— X(¢), and it is assumed
that vy, >0 for all k=0,1,..., N. In words,
managers set dividends to grow at rate g,
but deviate from this long-run growth path
in response to changes in permanent earn-
ings that deviate from their long-run growth
path. Describing the policies in terms of the
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change in dividends rather than the levels,
and having these changes depend on changes
in permanent earnings, is motivated by Lint-
ner’s stylized facts (L2) and (L3). His behav-
ioral fact (L4) is met in (9) by specifying the
change in dividends as a moving average of
current and past changes in permanent earn-
ings over the previous N periods.

Equation (9) can be rewritten in terms of
detrended real dividends and permanent
earnings as

(10)  Ad(r) = )ExkAe(t—k),
k

=0

where e(s) =E(s)/(1+g)° and )\k =v,/
(1+ g)**1. By integrating (10),"* we can
express the level of detrended dividends
at time ¢ in terms of current and past de-
trended permanent earnings as

(1) d(t)= %)\ke(t—k).
k=0

By inspection of (11), the dividend policies
in (9) satisfy Lintner’s (L1) condition of a
long-run target payout ratio where this ratio
is given by § =XV,

Consider an economy in which the p* test
assumptions (S1) and (S2) are known to
hold, but instead of (S3), assume that (9)
describes the stochastic process for aggregate
real dividends on the market portfolio. From
the assumption of a constant discount rate
(S2) and the definition of permanent earn-
ings, we have from (11) that detrended real
dividends at time ¢ can be written as

(12) d(t)y=r f; Ao(t—k)
k=0

N
=r8 ) Qu(t—k)
k=0

'"“The constant of integration must be zero since
e(t) =0 implies that V(1) = 0, which implies that e(t +
s)=0and d(t+s)=0 forall s>0.
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where v(s) =V(s)/(1+ g)° is the detrended
real intrinsic value per share of the ﬁrm at
time s and 6, =X, /8 > 0 with £}6,

From (S1), stock prices are known to be
rationally determined, and therefore, it fol-
lows from (7) that p(¢)=v(z) for all ¢
Hence, from (12), current detrended divi-
dends can be expressed as a function of
current and past detrended stock prices:
namely,

(13)  d(1)=p X 8,p(t—k),
k=0

where p = r§ is the long-run or steady-state
dividend-to-price ratio on the market port-
folio.’® Thus, from (S1), (S2), and (9), de-
trended aggregate real dividends are a mov-
ing average of current and past detrended
real stock prices. Moreover, under these
posited conditions, the ex post rational price
series constructed for the sample period [0, T']
can be expressed as a convex combination of
the observed detrended stock prices, p(t),
t=—N,...,0,1,...,T—1. That is, from (3)
and (13), (5) can be rewritten as

T-1

(14) p*(1)= X

k=-N

W,kp(k),

t=0,1,...,T—1,

where, as can be easily shown, the derived
weights satisfy

T-1
Z Wi =

k=-N
and w,, > 0 with w,, =0 for k <r— N.

THEOREM 1: If, for each t, p*(t) =
Yi_bm. p(k) where X1 _4m, =1; ZT_dm, <1
and 7, =0, then for each and every sample
path of stock price realizations, Var( p*) <
Var( p), with equality holding if and only if

'3 The target payout ratio § and the long-run growth
rate g are related by g=(1-8)r/[1+ ré].
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all realized prices are identical in the sample
t=0,....,.T—-1.

The formal proof is in the Appendix. How-
ever, a brief intuitive explanation of the
theorem is as follows: for each ¢,1=0,...,
T -1, p*(t) is formally similar to a condi-
tional expectation of a random variable p
with possible outcomes p(0),..., p(T—1)
where the {=,, } are interpreted as condi-
tional probabilities. Var(p*) is, therefore,
similar to the variance of the conditional
expectations of p which is always strictly less
than the variance of p itself (unless, of course,
Var( p) =0).

The variance inequality in Theorem 1 is
the exact opposite of inequality (4) which
holds that Var( p*) > Var( p). That is, if the
ex post rational price series satisfies the hy-
pothesized conditions of Theorem 1, then
the p* test inequality will be violated whether
or not actual stock prices are ex ante ra-
tional. Because Theorem 1 applies to each
and every time path of prices, its derived
inequality Var( p*) <Var(p) holds in-sam-
ple. A fortiori, it will obtain for any distribu-
tion of prices. Thus, even for a “bad draw,”
Var( p*) will not exceed Var( p).

Although the inequality in Theorem 1 is
an analytic result, it does not strictly hold
for all possible sample paths of the p*(¢)
series generated by the dividend process (9)
and rational stock prices. By inspection of
(3) and (14), foreach t, N<t<T, p*(t)isa
convex combination of the sample stock
prices { p(0),..., p(T —1)} that satisfies the
hypothesized conditions of Theorem 1. How-
ever, for 0 <r<N-1, p*(t) will depend
upon both the sample period’s stock prices
and one or more “out-of-sample” stock
prices { p(= N),..., p(—1)}. Hence, with
the exception of one member of the class of
processes given by (9),!¢ Var( p*) < Var(p)

1®The exception is the polar case of (9) where N =0
and mangers choose a dividend policy so as to maintain
a target payout ratio in both the short and long run. In
this case, with d(r)=pp(t) for all ¢, we have the
stronger analytic proposition that the Shiller variance
bound inequality (4) must be violated in all samples if
stock prices are rational.
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need not obtain for each and every sample
path of prices.!” The problem created here
by out-of-sample prices is similar to the gen-
eral “start-up” problem in using a finite
sample to estimate a moving average or dis-
tributed lag process. Because only the first N
of the T sample elements in the p* series
depend on out-of-sample prices, the in-
fluence of these prices on the sample vari-
ance of p* becomes progressively smaller as
the length of the sample period is increased.
Indeed, as proved in the Appendix, we have
that

THEOREM 2: If (S1) and (S2) hold and if
the process for aggregate real dividends is
given by (9), then in the limit as T/N — oo,
Var( p*)/Var(p) <1 will hold almost cer-
tainly.

As noted in the introduction, the Shiller
variance bound theorem has been widely in-
terpreted as a test of stock market rational-
ity. However, as with Theorem 1, Theorem 2
concludes that Var( p*) is a lower bound on
Var( p) whereas, the corresponding Shiller
theorem concludes that Var( p*) is an upper
bound on Var( p). Both Theorem 2 and the
Shiller theorem are mathematically correct
and both share in common the hypothesis
(S1) that stock prices are rationally de-
termined. Therefore, if these variance bound
theorems are interpreted as tests of stock
market rationality, then we have the em-
pirical paradox that this hypothesis can al-
ways be rejected. That is, if observed stock
prices were to satisfy the p* test of stock
market rationality, then this same sample of
prices must fail our test, and conversely. This
finding alone casts considerable doubt on the
reliability of such variance bound theorems
as tests of stock market rationality.

The apparent empirical paradox is, of
course, resolved by recognizing that each of
the variance bound theorems provides a test
of a different joint hypothesis. In addition to

""For example, if all in-sample prices happened to be
the same (i.e.,, p(1)=p,1=0,..., T —1), but the out-
of-sample prices were not, then for that particular sam-
ple path, Var( p*) > Var(p)=0.



VOL.76 NO. 3

(S1), both theorems also assume that the real
discount rate is constant. Hence, neither (S1)
nor (S2) of the respective joint hypotheses is
the source of each theorem’s contradictory
conclusion to the other.!® It therefore follows
necessarily that the class of aggregate div-
idend processes (9) postulated in Theorem 2
is incompatible with the Shiller theorem as-
sumption (S3) of a regular stationary process
for detrended aggregate dividends.1® That is,
given that (S1) and (S2) hold, nonstationar-
ity of the dividend process is a necessary
condition for the validity of Theorem 2%
whereas stationarity of the dividend process
is a sufficient condition for the validity of the
p* test inequality (4). Thus, the diametrically
opposite conclusions of these variance bound
theorems follow directly from the differences
in their posited dividend processes.

In this light, it seems to us that if the p*
test is to be interpreted as a test of any single
element of its joint hypothesis, (S1), (S2),
and (S3), then it is more appropriately viewed
as a test of (S3) than of (S1). Viewed in this

18Since the two theorems share the assumption (S2)
and for any sample of prices, one must fail, they cannot
reliably be used to test this hypothesis either. However,
as Eugene Fama (1977) and Stewart Myers and Stuart
Turnbull (1977) have shown, we note that a constant
discount rate is inconsistent with a stationary process
for dividends when investors are risk averse. Hence, the
assumptions (S2) and (S3) are a priori mutually incon-
sistent.

If V() follows a stationary process and the div-
idend process is given by (9), then the innovations or
unanticipated changes in intrinsic value, AV(r)+ D(t)
— rV(r), will not form a martingale as is required by
(6). If, as is necessary for the validity of (9), the intrinsic
value follows a nonstationary process, then from (6) and
(7), both dividends and rational stock prices must also
be nonstationary.

29Tf p(t) and d(r) follow nonstationary processes,
the variances of the price and dividend are, of course,
not well-defined in the time-series sense that they were
used in Shiller’s variance bound test. However, Var( p*)
and Var(p) can be simply treated as sample statistics
constructed from the random variables { p(t)} and
{d(1)}, and for any finite T, the conditional moments of
their distributions will exist. If, moreover, the processes
are such that the dividend-to-price ratio coverages to a
finite-variance steady-state distribution, then the condi-
tional expectation of the variance bound inequality as
expressed in Theorem 2, gy[Var( p*)/Var( p)], will exist
even in the limit as T — oo.
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way, the previously cited empirical findings
of a large violation of inequality (4) would
appear to provide a rather impressive rejec-
tion of the hypothesis that aggregate real
dividends follow a stationary stochastic pro-
cess with a trend. As noted, Shiller has argued
extensively that his results are empirically
robust with respect to assumption (S2). In a
parallel fashion, we would argue that they
are also robust with respect to (S1). That is,
even if stock prices were irrationally volatile,
the amount of irrationality required to “save”
the stationarity hypothesis (S3) is so large
that the measured five-to-thirteen times ex-
cess variation in stock prices cannot reason-
ably be attributed to this source.

Perhaps the p* test might still be saved as
a test of stock market rationality if there
were compelling a priori economic reasons
or empirical evidence to support a strong
prior belief that aggregate dividends follow a
stationary process with a trend. We are,
however, unaware of any strong theoretical
or empirical foundation for this belief. In-
deed, the standard models in the theoretical
and empirical literature of both financial
economics and accounting assume that stock
prices, earnings, and dividends are described
by nonstationary processes.’! In his analyses
of the Shiller and other variance bounds
tests, Kleidon (1983a,b) uses regression and
other time-series methods to show that the
hypothesis of stationarity for the aggregate
Standard and Poor’s 500 stock price, earn-
ings, and dividend series can be rejected.

We (in our forthcoming article) develop
and test an aggregate dividend model based
on the same Lintner stylized facts used to
motivate (9) here. In this model, the div-
idend-to-price ratio follows a stationary pro-
cess, but both the dividend and stock price

2!n financial economics, the prototypical assumption
is that the per period rates of return on stocks are
independently and identically distributed over time. To-
gether with limited liability on stock ownership, this
implies a geometric Brownian motion model for stock
prices which is not, of course, a stationary process.
There is a long-standing and almost uniform agreement
in the accounting literature that accounting earnings
(either real or nominal) can best be described by a
nonstationary process (see George Foster, 1978, ch. 4).
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processes are themselves nonstationary. This
model is shown to significantly outperform
empirically the univariate autoregressive
model (with a trend) normally associated
with a stationary process. These results not
only cast further doubt on the stationarity
assumption, but also provide affirmative evi-
dence in support of the class of dividend
processes hypothesized in Theorems 1 and 2.

Our model can also be used to reinterpret
other related empirical findings which pur-
port to show that stock prices are too vola-
tile. For example, to provide a more-visual
(if less-quantitatively precise) representation
of the “excess volatility” of stock prices,
Shiller (1981a, p. 422) plots the time-series of
the levels of actual detrended stock prices
and the constructed ex post rational prices,
p*(t). By inspection of these plots, it is read-
ily apparent that p(r) is more volatile than
p*(t). Instead of implying “too much” stock
price volatility, these plots can be interpre-
ted as implying that the p* series has “too
little” volatility to be consistent with a divi-
dend process which is not smoothed. They
are, however, entirely consistent with ra-
tional and nonstationary stock prices and
dividend policies like (9) which smooth the
dividend process.

It also appears in these plots that the
levels of actual prices “revert” toward the p*
trend line. In the context of (14), this ap-
parent correspondence in trend should not
be surprising since p*(t) is in effect a
weighted sum of future actual prices that
were, of course, not known to investors at
time ¢. The ex post “mistakes” in forecasts
of these future prices by the market at time ¢
are, thus, “corrected” when the subsequent
“right” prices (which were already contained
in p*(t)) are revealed.?

In his latest published remarks on the
plots of these time-series, Shiller concludes:

The near-total lack of correspondence,
except for trend, between the aggregate

2 The strength of this apparent reversion to trend is
further accentuated by using the ex post or in-sample
trend of stock prices to detrend both the actual stock
price and the p*(¢) time-series.
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stock price and its ex post rational
counterpart (as shown in Figure 1 of
my 1981a paper) means that essentially
no observed movements in aggregate
dividends were ever correctly forecast
by movements in aggregate stock
prices! [1983, p. 237]

This conclusion does not, however, appear to
conform to the empirical facts. As shown in
our forthcoming article, the single variable
that provides, by far, the most significant
and robust forecasting power of the subse-
quent year’s change in aggregate dividends is
the previous year’s unanticipated change in
aggregate stock price.?

Shiller (1981a, pp. 425-27) presents a sec-
ond variance bound test of rational stock
prices that uses the time-series of “price
innovations” that he denotes by ép(¢)=
p(t)— p(t—1)+d(t—1)—pp(t—1). Under
the assumption that detrended dividends
have a stationary distribution, he derives as a
condition for rational stock prices that

(15) Var(d) = Var(8p)[(1+p)*~1],

where Var(d) and Var(8p) denote the sam-
ple variances of the level of detrended div-
idends and the innovations of price changes,
respectively. As reported in Shiller’s cited
Table 2, the null hypothesis of rational stock
prices seems, once again, to be grossly
violated by both his data sets.

If, however, dividends are generated by a
process like (9) and rational stock prices
follow a nonstationary process, then the
inequality (15) is no longer valid. Moreover,
in this case, it is likely that inequality
(15) will be violated. Suppose, for example,
that the innovations in (detrended) stock
prices follow a geometric Brownian motion

23As shown in Fischer and Merton, in addition to
predicting dividend changes, aggregate real stock price
changes are among the better forecasters of future
changes in business cycle variables including GNP, cor-
porate earnings, and business fixed investment. These
empirical findings might also be counted in the support
of the hypothesis of stock market rationality.
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given by

(16) 8p(1)=op(r—=1)Z(1),

where {Z(t)} are independently and iden-
tically distributed random variables with
e, [Z(1)]=0;¢,_,[Z*(1)]=1;0, a positive
constant and where ¢, is the expectation
operator, conditional on information avail-
able at time 7. It follows from (16) and the
properties of { Z(¢)} that

(17) e()[Var(8p)] =£0[ i ozpz(t):l/T,

= o2, [Var( p) +(5)],

where p = p*(T) given in (3).

From the posited dividend process given
in (13), d(t)/p is a distributed lag of past
stock prices where the distribution weights
are nonnegative and sum to unity. Thus, the
ensemble {d(t)/p} satisfies the hypothesized
conditions of Theorems 1 and 2. It follows,
therefore, that Var(d/p) < Var(p). Factor-
ing out the constant p and rearranging terms,
the inequality can be rewritten as

(18) Var(d) < p* Var( p),

with equality holding only in the special
limiting case of (13) with d(¢) = pp(t). Com-
bining (17) and (18) and rearranging terms,
we have that

(19)

e[ Var(d)] < p%eo[Var(8p) - 0°p*] /0.

In sharp contrast to the stationary div-
idend case in (15) where the variance of
dividends provides an upper bound on the
volatility of rational stock price innovations,
inspection of (19) shows that this variance
provides only a lower bound on that volatil-
ity for our dividend process.** Inequalities

24 By inspection of (18) and (19), it is evident that the
strength of the inequality (19) will depend on the degree
of “dividend smoothing” undertaken by managers. Gen-
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(15) and (19) are not, of course, mutually
exclusive for all parameter values. However,
using the estimated values of Var(8p), p,
Var(p), and p reported by Shiller for his
1871-1979 Standard and Poor’s data set,
and our equation (17), we have that p =
0.0480 and §62=Var(8p)/[Var(p)+ p’]=
0.0276. Substitution of these values in (15)
implies that gy[Var(d)] > .0983¢y[Var(dp)]
whereas the same values substituted in (19)
implies that e,[Var(d)] < .0835gy[Var(dp) —
.0276( p)?]. Thus, given these parameter val-
ues it would appear that any recorded values
for Var(§p) and Var(d) would violate one
or the other variance bound inequalities
for rational stock price innovations. Hence,
the empirical finding that Var(d) <
.0983 Var(8 p)—although inconsistent with
the stationarity assumption (S3)— is entirely
consistent with rational stock prices and the
aggregate dividend process (9).

We are not alone in questioning the
specification of the dividend process in the
Shiller model. In addition to the cited Klei-
don analyses, Basil Copeland (1983) has
commented on the assumption of a de-
terministic trend. In his reply to Copeland,
Shiller had this to say on the specification
issue: 2 “Of course, we do not literally be-
lieve with certainty all the assumptions in
the model which are the basis of testing. I
did not intend to assert in the paper that
I know dividends were indeed stationary
around the historical trend” (1983, p. 236).
We have shown, however, that variance
bound inequality (4) is critically sensitive to
the assumption of a stationary process for
aggregate dividends. If aggregate dividend
policy is described by a smoothing or averag-
ing of intrinsic values that follow a nonsta-
tionary process, then the misspecification of
stationarity in the dividend process does not

erally, the larger is N and the more evenly distributed
the weights {6, } in (13), the smaller will be Var(d) with
no corresponding reduction in Var(dp).

23We surely echo this view with respect to our own
dividend model (9). We do not however, assert that the
variance bound condition of Theorems 1 and 2 provides
a reliable method for testing stock market rationality.
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just weaken the power of this bound as a test
of stock market rationality—it destroys it
—because in that case the fundamental in-
equality is exactly reversed.

In summary, the story that dividends fol-
low a stationary process with a trend leads
to the empirical conclusion that aggregate
stock prices are grossly irrational. It has,
therefore, the deep and wide-ranging impli-
cations for economic theory and policy that
follow from this conclusion. The majority of
empirical tests of the efficient market theory
do not, however, concur with this finding.
Hence, to accept this dividend story, we
must further conclude that the methodolo-
gies of these tests were sufficiently flawed
that they failed to reject this hypothesis in
spite of the implied substantial irrationality
in stock prices. Similar flaws must also be
ascribed to the extensive studies in finance
and accounting that claim to show earnings,
dividends, and stock prices follow nonsta-
tionary processes. If, however, this dividend
story is rejected, then the empirical violation
of inequalities (4) and (15) implies nothing
at all about stock market rationality. In the
spirit of Edward Leamer’s (1983) discussion
of hypothesis testing, we therefore conclude
that the Shiller variance bound theorem is a
wholly unreliable test of stock market ra-
tionality because, as Leamer said, “...there
are assumptions within the set under con-
sideration that lead to radically different
conclusions” (p. 38).

II. Overview and Conclusion

In the previously cited reply to Copeland,
Shiller proclaims:

The challenge for advocates of the effi-
cient markets model is to tell a con-
vincing story which is consistent both
with observed trendiness of dividends
for a century and with the high volatil-
ity of stock prices. They can certainly
tell a story which is within the realm of
possibility, but it is hard to see how
they could come up with the inspiring
evidence for the model. [1983, p. 237]

We believe that the theoretical and empirical
analysis presented here provides such “in-
spiring evidence.”
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In general, the statistical properties of
estimators drawn from a nonstationary pop-
ulation are an important matter in evaluating
the significance of variance bound inequality
violations.?® As it happens, our reconciliation
of the gross empirical violations of Shiller’s
variance bound inequalities is not based on
sampling arguments. That is, we do not
merely show that it is possible to have a
chance run of history where the measured
volatility of dividends is greatly exceeded by
the measured volatility of rational stock
prices. Instead, our “reversals” of variance
bound inequalities (4) and (15) are based on
expected values over the population. Thus,
over repeated runs of history, we expect that,
on average, these inequalities would be
violated.

If our results seem counterintuitive to
some, then perhaps this indicates that such
intuitions about volatility relations between
optimal forecasts and realizations are im-
plicitly based on the assumption of sta-
tionary and linear processes. If so, we hope
that this analysis serves to illustrate the
potential for cognitive misperceptions from
applying such intuitions to nonstationary
systems.

Economists have long known that fluctua-
tions in stock prices are considerably larger
than the fluctuations in aggregate consump-
tion, national income, the money supply, and
many other similar variables whose expected
future values presumably play a part in the
rational determination of stock prices. In-
deed, as noted in the introduction, we sus-
pect that the sympathetic view held by some
economists toward the proposition of excess
stock market volatility can largely be traced
to this long-established observation. Those
who make this inference implicitly assume
that the level of variability observed in these
economic variables provides the appropriate

2Kenneth West (1984) and N. Gregory Mankiw
et al. (1985) derive variance bound inequalities which
appear to apply to nonstationary processes for prices
and dividends. Using the Shiller data, Mankiw et al. find
their inequalities are grossly violated. By studying the
statistical properties of their estimates, Merton (1986)
shows that the Mankiw et al. tests cannot be reliably
applied when stock prices follow diffusion processes
such as the geometric Brownian motion.
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frame of reference from which to judge the
rationality of observed stock price volatility.
Although quantitatively more precise, the
Shiller analysis adopts this same perspective
when it asks: “If stock prices are rational,
then why are they so volatile (relative to
dividends)?” The apparent answer is that
stock prices are not rational.

Our analysis turns this perspective “on its
head” by asking: “If stock prices are ra-
tional, then why do dividends exhibit so
little volatility (relative to stock prices)?”
Our answer is simply that managers choose
dividend policies so as to smooth the effect
of changes in intrinsic values (and hence,
rational stock prices) on the change in div-
idends. The a priori economic arguments
and empirical support presented for this
conclusion surely need no repeating. We
would note, however, that this explanation is
likely to also apply to the time-series of
other economic flow variables. There are, for
example, good economic reasons for be-
lieving that aggregate accounting earnings,
investment, and consumption have in com-
mon with dividends that their changes are
smoothed either by the behavior of the eco-
nomic agents that control them or by the
statistical methods which are used to mea-
sure them. An initial examination of the data
appears to support this belief. If a thorough
empirical evaluation confirms this finding,
then our analysis casts doubt in general over
the use of volatility comparisons between
stock prices and economic variables which
are not also speculative prices, as a method-
ology to test stock market rationality.

In summary of our view of the current
state of the debate over the efficient market
theory, Samuelson said it well when he ad-
dressed the practicing investment managers
of the financial community over a decade
ago:

Indeed, to reveal my bias, the ball is
in the court of the practical men: it is
the turn of the Mountain to take a
first step toward the theoretical Mo-
hammed... .

...1If you oversimplify the debate, it
can be put in the form of the question,
Resolved, that the best of money
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managers cannot be demonstrated to

be able to deliver the goods of super-

ior portfolio-selection performance.
Any jury that reviews the evidence,
and there is a great deal of relevant
evidence, must at least come out with
the Scottish verdict:

Superior Investment performance is
unproved. [1974, pp. 18-19]

Just so, our evidence does not prove that the
market is efficient, but it does at least war-
rant the Scottish verdict:

Excess stock price volatility is unproved.
The ball is once again in the court of those
who doubt the Efficient Market Hypothesis.

APPENDIX

PROOF of Theorem 1:

Define I as the T X K matrix of elements
7, in Theorem 1, so that p*=11p. We show
that the following three conditions

(A1) =, >0

T
(A2) 2 er=l
k=1

forall t=1,...,T

T
(A3) Y =@, <1 forall k=1,...,T

=1

are sufficient for

(A4) Var(Ilp) < Var(p),

where Var(x) is defined as the sample vari-
ance operator applied to the elements of x.

LEMMA: Any given p can be decomposed as
pv+ p where p is the sample mean, v is a
vector of ones, and p is the vector of deviations
of the elements of p about p. Then,

1
(AS) i)’l_[’(l— ?u’)l—[ﬁ <p'p
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implies

1
p’n’(l— ?u’)np
(A6) Var(Tlp) =

T
(I : )
p\I——wl|p
T
<|— "7 |=V
< - ar(p)

under condition (A2) where Var(I1p) is com-
puted with respect to the T elements of Ilp,
and Var(p) is defined with respect to the T
elements of p. If the matrix 11 is rectangular
of dimension T X X, then the additional con-
straint YI_\m, <T/K is sufficient for equa-
tion (A6).

PROOF:

Substitute the decomposition p = pv+ p
into (AS5) and realize that (I —1/Tw)pv=0
and (1 —1/Tw)[1p.=0.

To prove Theorem 1, define the norm:

2
(A7) ||Hﬁ||2=;(§w,kﬁk).

Since the function f(u)=u? is convex, it

follows that if p,, >0 and ¥,7,, =1, then,

2
(A8) (Z'”rki’k) < YTy Dis

k k
SO
(A9) MBI <X Xy bi

t k
=ZI~712<Z'”H<SZI~’I%'
k t k

(The last inequality in (A10) is strict if ¥,
<1). Equation (A9) can be rewritten as

(A10)
Also,

IHLpI <I1IpIl-

1
(A11) i»TI'(I - ?u’)l‘lﬁ <|1p.

(A10) and (A11) together imply (AS) which,
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by the Lemma, implies (A6), that is,
(A12) Var([1p) < Var(p).

PROOF of Theorem 2:

Using the definition of the (detrended)
ex post rational price, p*(z), given in (5),
and allowing (detrended) dividends to be a
general distributed lag of (detrended) prices
as in (13), ex post rational prices can be
expressed in terms of the observed and pre-
sample (detrended) prices as

p*(T—=1)p*(T-2)

(A13) p(T-3)

p*(1)

N...1M 0...0

1 n*...n* 0...0
/1.3 .3

=\7 n’°...n° 0...0

... 0...0

6, 6,...0, 0 0...0 |
0 6,...0, , 6y 0...0
X 6, 0 0
0 0 6,6, 0...0
0 0.0 0.6, 6,...0 |
p(T-1)
p(T-2)
x| p(1)
p(=1)
p(=N)
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where =1+ g)/A+r)=1/01+r8) =
1/(1+ p) (the first identity follows from the
definition of 7 in (1), the second from fn. 15,
and the third from the definition of p in
(15)) and the level of dividends is a distrib-
uted lag of the level of past prices, as in (13),
that is, d(1) =pLy_o0,p(t — k).

Equation (A13) may be conveniently re-
written as
(A14) p*=[4,+48]p
where A, is the first matrix on the right-hand
side of (A13), that is, the matrix that involves
multiplication by the scalar 1/T), A4, is the
next matrix, that involves multiplication by
the scalar p, and © is the matrix that con-
tains the elements 6,,6,,...,8,. The weights
in the matrix A, reflect the contribution 1/T
of each of the observed prices [p(T—1),
...p(0)] to p*(T) in accordance with (3),
together with the weight [1/(1+p)]" ' at-
tached to p*(T') in the determination of p*(7)
in (5). The matrix A, contains the discount
weights that (5) places on dividends as com-
ponents of each p*(r), while © contains the
distributed lag weights of dividends on past
prices, as given in (13). Using these defini-
tions of A;, A,, and O, (Al4) is equiva-
lent to
(A15) p*=Wp,
where W = [w,.], the w, being those defined
in (14).

It may be verified that the component A4,
of the transformation matrix W is irrelevant
to the application of Theorem 1 (because the
proof proceeds in terms of p, the deviations
of the elements of p about p). The elements
of A,0 are positive and sum to unity or less
across the rows, and if ® =1, or © is such
that column elements of 4,0 sum to less
that T/(T + N) if © # I, then the conditions
of Theorem 1 are satisfied, and we have
(A16) Var( p*) < Var(p).

In the market rationality tests, the vari-
ance of the ex post rational prices is com-
pared not to the variance of the (7+ N)
vector of T observed and N presample prices,
but to the variance of only the T observed
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prices. Partitioning of the (T+ N) prices
into in-sample and out-of-sample prices, it is
siraightforward to show that

(A17) Var(p*)/Var(p;) <1

L TN (Pr—Pn)
(N+T)> Var(pg)

_ N Var(pT)—Var( Pn)
(N+T) Var(py)

)

T-1
where pr= 2 p(1)/T;
t=0

-1
Pn= Z p(t)/N;

(=-N

Var( py) g_o[p(t)—ﬁT]Q/T;

Var(py) = T [p(0)=pul/N.

The sum of the last two terms on the
right-hand side of (A17) can be positive for
some sample paths. However, if N is finite,
and the nonstationary process for prices is
not degenerate, then it is clear that the start-
up adjustment terms in (A17) converge in
mean square to zero as T — oo.
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